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Modeling short-range ordering in solutions

Various aspects of the modeling short-range order in binary
and ternary solutions using the Bragg – Williams (random
mixing), associate, and quasichemical models are exam-
ined. The models are compared with respect to their ability
to predict properties of ternary solutions from optimized
binary model parameters in the presence of short-range or-
der. It is shown how introducing short-range order through
the quasichemical model can explain the observed flattened
shape of most miscibility gaps. The combination of the
quasichemical model for nearest-neighbor short-range or-
der with the Bragg – Williams model for the remaining lat-
tice interactions is described.
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1. Introduction

Binary solutions with short-range ordering (SRO) exhibit
enthalpy and entropy of mixing functions which are not
well represented by a Bragg – Williams (BW) random-mix-
ing model. Furthermore in this model the enthalpy and en-
tropy are not coupled but are expressed by independent sets
of model parameters. SRO is often modeled by an “associ-
ate” or “molecular” model in which discrete associates
AxBy share quasilattice sites with unassociated A and B
atoms or molecules. Although this model can often repro-
duce the characteristic shapes of the binary H and S func-
tions reasonably well, it suffers from a number of weak-
nesses which will be discussed. The most important of
these weaknesses is its failure to predict the positive devia-
tions observed in ternary solutions when the binary sub-sys-
tems exhibit SRO. (The BW model, on the other hand,
overestimates these positive deviations.)

SRO can also be modeled by the quasichemical model
which does not share these weaknesses. The present article
examines several aspects of the quasichemical model such
as the choice of coordination numbers, and combing the
quasichemical and Bragg – Williams models through the
use of a quasichemical enthalpy term to account for near-
est-neighbor interactions and SRO, and a BW enthalpy term
to account for the remaining lattice interactions. The use of
the quasichemical model in the case of binary solutions
with positive deviations from ideality is also examined, par-
ticularly as regards the prediction of the shape of miscibility
gaps.

In the present article, only very simple examples and hy-
pothetical systems have been chosen in order to illustrate
the concepts clearly. However, all the models have been
fully developed in previous publications for multicompo-
nent solutions. The generalized models have been pro-
grammed and incorporated into the FactSage system [1] by
Gunnar Eriksson.

2. Binary systems

2.1. Enthalpy and entropy of solutions with short-range
ordering

A binary solution with SRO is characterized by a negative
“V-shaped” enthalpy of mixing curves DH, as shown ex-
perimental data [2, 3] in Fig. 1, with nearly linear terminal
segments, and a minimum near the composition of maxi-
mum SRO, in this example the composition Al2Ca. An-
other example of experimental enthalpy of mixing [5] is
shown in Fig. 2 in which the V-shape is somewhat less
pronounced and the composition of maximum SRO is the
equimolar composition. The partial enthalpy of mixing
curves corresponding to Fig. 2 are shown in Fig. 3. They
have the typical form of titration curves. SRO is also char-
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acterized by an “m-shaped” entropy of mixing near the
composition of maximum SRO as shown in Fig. 4. The
thick curves drawn in Figs. 2 – 4 are taken from a recent
[6] evaluation and optimization in which all thermody-
namic and phase equilibrium data for the Al – Sc system
were taken into account.

2.2. Bragg – Williams (random-mixing) model

Simple liquids are most often modeled with a random-mix-
ing BW approximation in which A and B atoms or mole-
cules are assumed to be distributed randomly over the sites
of a quasilattice. The molar enthalpy and configurational
entropy of mixing are given by:

DSconfig ¼ %R XA ln XA þ XB ln XBð Þ ð1Þ

DH ¼ XAXBxBW ð2Þ
where XA and XB are the mole fractions, and xBW is a mod-
el parameter.

The expression for DH derives from regular solution the-
ory where the product XAXB is the probability, in a random
mixture, that a nearest-neighbor pair is an (A – B) pair.
Although, in most textbook derivations of regular solution
theory, xBW is presented as the sum of contributions from
only first-nearest-neighbor pairs, it should be noted that in
a random mixture the probability that an nth-nearest-neigh-
bor pair is an A – B pair is also equal to XAXB, and so xBW
can be considered to be the sum of contributions from all in-
teractions. This parabolic enthalpy function is not-well
suited to fitting “V-shaped” enthalpy curves as can be seen
in Figs. 1 – 3 where curves from published optimizations
[4, 7] are compared to the experimental points. Generally,
xBW is expanded as a polynomial:

xBW ¼
X
i¼0

Li XA % XBð Þi ð3Þ

Clearly, if data points are available over the entire composi-
tion region, and if several empirical parameters Li are used,
then DH can be represented reasonably closely. However,
since Eq. (3) is purely empirical, there is no guarantee that
proper extrapolations will be obtained, as is illustrated in
Fig. 3. Indeed, it can be appreciated that extrapolations to
the terminal composition regions can easily give calculated
values of the partial enthalpy DHi of the dilute component
which are greatly in error, with a consequent large error in
the calculated activity coefficient which is often very im-
portant for practical calculations. Furthermore, in the BW
model the minimum in DS as in Fig. 4 is independent of
xBW and must be fitted independently by an empirical ex-
cess entropy expression of the form:

SE ¼ XAXBgBW ð4Þ
with an additional parameter gBW. The functional form of
Eq. (4) is best suited to expressing non-configurational en-
tropies. When it is used to represent excess configurational
entropies resulting from SRO, then the characteristic
“m-shape” can only be reproduced by expanding gBW as a
polynomial similar to Eq. (3) with many empirical param-
eters.
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Fig. 1. Enthalpy of mixing in liquid Al –Ca solutions. Experimental
points at 680 8C and 765 8C from [2]. Other points from [3]. Dashed
line from the optimization of [4] using a BW model.

Fig. 2. Enthalpy of mixing in liquid Al –Sc solutions at 1600 8C. Ex-
perimental points from [5]. Thick line optimized [6] with the quasi-
chemical model. Dashed line from the optimization of [7] using a BW
model.

Fig. 3. Partial enthalpies of mixing in liquid Al –Sc solutions at
1600 8C. Experimental points from [5]. Thick line optimized [6] with
the quasichemical model. Dashed line from the optimization of [7]
using a BW model.



2.3. Associate model

To account for SRO, associate (also called “molecular”)
models are often used. In the simplest case, a binary liquid
is considered to contain AB “associates” (or molecules), as
well as unassociated A and B atoms. The species are at in-
ternal equilibrium:

Aþ B ¼ AB; xAS ð5Þ
where xAS is the enthalpy change of this association reac-
tion per mole of AB associates. For one mole of solution,
the mass balance equations are:

XA ¼ n0A þ nAB ð6Þ

XB ¼ n0B þ nAB ð7Þ
where XA and XB are the component mole fractions and
nAB, n0A and n0B are the numbers of moles of AB associates
and of unassociated A and B atoms.

The model assumes that the species are randomly distrib-
uted on the sites of a quasilattice. Hence, the molar config-
urational entropy of mixing given by:

DSconfig ¼ %R n0A ln X0A þ n0B ln X0B þ nAB ln XAB
% & ð8Þ

where X0A ¼ n0A n0A þ n0B þ nAB
% &-

is the mole fraction of
unassociated A atoms, and X0Band XAB are defined simi-
larly. The enthalpy of mixing is given by:

DH ¼ XABxAS ð9Þ
Minimizing the Gibbs energy (DH % T DSconfig) gives the
following equilibrium constant for reaction (5):

XAB X0AX0B
% & ¼ exp %xAS RT= Þð- ð10Þ

For a given composition (XA, XB) and a given value of xAS,
Eqs. (6, 7, 10) are solved simultaneously to give X0A, X0B and
XABwhich are then substituted into Eqs. (8, 9) to give DH
and DS.

As xAS becomes progressively more negative, the
equilibrium in reaction (5) is displaced progressively to the

right and the amount of SRO increases. Calculated curves
of DH at 1000 8C are shown for several negative values of
xAS in Fig. 5. For small negative values of xAS, the curves
of DH are approximately parabolic and close to those calcu-
lated with the BW model. For large negative xAS, the DH
curves take on the V-shape characteristic of SRO. When
xAS = – 80 kJ mol – 1, for example, a solution at the equi-
molar composition XA = XB = 0.5 consists almost entirely
of AB associates with very few unassociated A and B
atoms. At such a high degree of SRO, every atom of B
added to an A-rich solution produces on the average nearly
exactly one AB associate. Hence, XAB increases linearly
with XB and, through Eq. (9), the graph of DH versus XB is
nearly a straight line.

The corresponding curves of DSconfig are shown in Fig. 6.
For very negative xAS, the solution at XA = XB = 0.5 is
highly ordered and DSconfig is close to zero. As xAS be-
comes less negative, the entropy becomes more positive as
expected. However, it can be seen that the associate model
does not reduce to the ideal random mixing model when
xAS = 0, because when xAS = 0, XAB is not equal to zero.
This has been termed the “entropy paradox” [8].

For “fine tuning” of the model to reproduce experimental
data, empirical polynomial interaction terms of the form
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Fig. 4. Calculated entropy of mixing in liquid Al –Sc solutions at
1600 8C, from the quasichemical model for different sets of parameters
and optimized [6] from experimental data.

Fig. 5. Enthalpy of mixing for a solution A –B at 1000 8C calculated
from the associate model with the constant values of xAS shown.

Fig. 6. Configurational entropy of mixing for a solution A –B at
1000 8C calculated from the associate model with the constant values
of xAS shown.



X0AXABxA%AB or X0BXABxB%AB are generally included, as is
a non-configurational entropy XABgAS.

2.4. Quasichemical model

The quasichemical model, first proposed by Fowler and
Guggenheim [9] and later extended by Blander, Pelton,
Chartrand and co-workers [10– 13], models SRO as the pre-
ferential formation of nearest-neighbor (A –B) pairs. In the
simplest case, the A and B atoms or molecules are assumed
to be distributed on a quasilattice, and the following ex-
change reaction among nearest-neighbor pairs is at equilib-
rium:

A% Að Þpairþ B% Bð Þpair¼ 2 A% Bð Þpair;xQM ð11Þ
where xQM is the enthalpy change of this reaction for the
formation of two moles of (A – B) pairs. Let Z be the near-
est-neighbor coordination number. Hence, each atom forms
Z pairs, and so for one mole of solution:

ZXA ¼ 2nAA þ nAB ð12Þ

ZXB ¼ 2nBB þ nAB ð13Þ
where nAA, nBB and nAB are the numbers of moles of pairs.
Pair fractions Xij are defined as:

Xij ¼ nij nAA þ nBB þ nABð Þ= ð14Þ
The enthalpy of mixing is assumed to be given by:

DH ¼ XAB 2= Þ xQMð ð15Þ
The configurational entropy is given by randomly distribut-
ing the pairs over “pair positions”. In three dimensions
the exact mathematical expression is unknown; an approxi-
mate expression is obtained as follows. If the pairs are
distributed with no regard for overlap, then an entropy of
%R Z 2= Þ XAA ln XAA þ XBB ln XBB þ XAB ln XABð Þð results
(where the factor Z 2= Þð is the number of moles of bonds
per mole of solution.) This expression clearly overcounts
the number of possible configurations because, for exam-
ple, an (A– A) and a (B – B) pair cannot both contain the
same central atom. A correction is applied by considering
that when xQM = 0, the solution should be a random mix-
ture with a configurational entropy given by Eq. (1) and
with XAA ¼ X2

A, XBB ¼ X2
B and XAB ¼ 2XAXB. The follow-

ing expression results:

DSconfig ¼ %R XA ln XA þ XB ln XBð Þ

%R Z 2= Þ XAA ln XAA X2
A

- &þ XBB ln XBB X2
B

- &%%%%
þXAB ln XAB 2XAXB= ÞÞð ð16Þ

Although Eq. (16) is approximate in three dimensions, it is
shown in the Appendix that it is exact in one dimension
(where Z = 2). This is an important consideration which
will be discussed in later sections. Essentially, one must
choose between using a one-dimensional model with an ex-
act mathematical expression for the entropy, and using a
three-dimensional model with an approximate entropy ex-
pression.

Minimizing the Gibbs energy subject to the constrains of
Eqs. (12, 13) yields the following “quasichemical equilib-
rium constant” for reaction (11):

X2
AB XAAXBBð Þ ¼ 4 exp %xQM RT= Þð= ð17Þ

At a given composition and for a given value of xQM,
Eqs. (12, 13, 17) can be solved to yield Xij which can then
be substituted back into Eqs. (15, 16). As xQM becomes
progressively more negative, reaction (11) is displaced pro-
gressively to the right and the degree of SRO increases.
Curves of DH and DSconfig at 1000 8C, calculated with
Z = 2 for various values of xQM are shown in Figs. 7 and
8. The DH curves are very similar to those obtained with
the associate model in Fig. 5. For large negative values of
xQM, the DS curves are also similar to those obtained with
the associate model for large negative xAS in Fig. 6. How-
ever, unlike the case of the associate model, the entropy
curves in Fig. 8 reduce to the ideal entropy when the SRO
parameter xQM equals zero.

“Fine-tuning” of the model to fit experimental data is
achieved by expanding xQM as a polynomial either in the
mole fractions XA, XB or in the pair fractions XAA, XBB
[10, 12]. A non-configurational entropy term for reaction
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Fig. 7. Enthalpy of mixing for a solution A –B at 1000 8C calculated
from the quasichemical model with the constant values of xQM shown.

Fig. 8. Configurational entropy of mixing for a solution A –B at
1000 8C calculated from the quasichemical model with the constant
values of xQM shown.



(11), XAB 2= Þ gQM

%
, can also be introduced, with gQM also

expanded as a polynomial [10, 12].

2.5. Displacing the composition of maximum short-range
ordering

In many solutions, as for example in Fig. 1, maximum SRO
occurs at a composition other than the equimolar.

In the associate model this displacement is taken into ac-
count by redefining the stoichiometry of the associates. For
the Al – Ca solution in Fig. 1, for example, the associates
would be defined as Al2Ca. However, this causes the fol-
lowing problem with the configurational entropy expres-
sion. Near the composition limit where XCa = 1, for strongly
ordered solutions virtually all aluminum atoms in solution
are in the Al2Ca associates so that the addition of one mole
of Al to a solution rich in Ca yields only 0.5 moles of Al2Ca
solute species. The partial configurational entropy of Ca is
thus Sconfig

Ca ¼ %R ln 1% XAl 2= Þð rather than %R ln 1% XAlð Þ
as given by Raoult’s Law. Consequently, for example, the
limiting slope at XCa = 1 of the calculated liquidus curve of
the phase diagram will be one half of the actual limiting
slope which is calculated by Raoult’s Law. (Limiting liq-
uidus slopes depend only on the configurational entropy.)

In the quasichemical model the composition of maxi-
mum SRO can be displaced by assuming different coordi-
nation numbers for each component. For example, in the
liquid Al – Ca solution of Fig. 1, let ZCa ¼ 2ZAl. Equations
(12, 13) then become

ZAXA ¼ 2nAA þ nAB ð18Þ

ZBXB ¼ 2nBB þ nAB ð19Þ
If we define “coordination equivalent fractions” as:

YA ¼ ZAXA ZAXA þ ZBXBð Þ= ¼ 1% YBð Þ ð20Þ
it can be shown [10, 12] that Eq. (16) becomes:

DSconfig ¼%R XA ln XA þ XB ln XBð Þ% R ZAXA þ ZBXBð Þ 2= ,½

3 XAA ln XAA Y2
A

- Þþ XBB ln XBB Y2
B

- &%%%
þXAB ln XAB 2YAYB= ÞÞð ð21Þ

As a result, the position of maximum SRO is shifted from
the equimolar composition XA = XB = 0.5 to the compo-
sition YA = YB = 0.5 where XB ¼ ZA ZB= ÞXAð . Unlike the
case of the associate model, Raoult’s Law in the dilute solu-
tion region is not affected by this shift.

(As an aside, it may be noted that, with the BW model, if
one wishes to represent an enthalpy function with a mini-
mum at a composition other than XA = XB = 0.5, one is ob-
liged to include at least two terms in the expansion for
xBW in Eq. (3). Suppose, for example that the experimental
DH function is negative, with a minimum at XA > 0.5. To
represent this by a 2-coefficient (“sub-regular”) expression
for xBW, we must set L0 < 0 and L1 < 0. This however
causes an increase in the partial enthalpy of B which can
even become positive at high values of XB. That is,
although the minimum of the DH function is displaced, the
shape of the curve generally is no longer correct. Conse-

quently, additional compensatory term need to be added to
Eq. (3). Another way to shift the composition of the mini-
mum in DH, but without changing the overall shape of the
function, is to maintain a constant xBW but to replace the
mole fractions in Eq. (2) by equivalent fractions defined as
in Eq. (20) with an appropriate choice the ratio (ZA ZB= )).

2.6. Combining the quasichemical and Bragg – Williams
models

Our experience, from examining a great many systems, is
that the quasichemical model with Z = 2 frequently gives
calculated DH functions in which the negative V-shape is
too sharp. (The same observation applies for the associate
model.) In Fig. 9, the curve labeled “Z = 2 (xBW/
xQM = 0)” was calculated with one constant coefficient
xQM chosen so that the curve reproduces the experimental
points at lower values of XSc. At higher values of XSc, how-
ever, this calculated curve clearly gives a function with too
sharp a minimum. This can be attributed to the fact that
Eq. (15) of the quasichemical model assumes that the en-
thalpy of mixing is due only to changes in nearest-neighbor
interactions upon mixing. In reality, all lattice interactions
contribute to the enthalpy of mixing. If we assume that
SRO is significant only between nearest-neighbors, then
the remaining lattice contributions to DH can be approxi-
mated by a BW term of the form of Eq. (2). That is, the
quasichemical enthalpy expression of Eq. (15) is replaced
by:

DH ¼ xQM 2= ÞXAB þ xBWXAXBð ð22Þ
where the first term accounts for nearest-neighbor interac-
tions and SRO, and the second term accounts for the
remaining lattice interactions. The remaining Equations
(12 – 14, 16, 17) of the quasichemical model remain un-
changed. Note that the quasichemical equilibrium constant,
Eq. (17), still depends only upon xQM.

Figures 10, 11 show curves of DH and DSconfig calculated
with Z = 2 for various ratios (xBW/xQM) where the (con-
stant) values of xBW and xQM in each case were chosen to
give the same value of DH at its minimum. The trends in
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Fig. 9. Enthalpy of mixing in liquid Al –Sc solutions at 1600 8C. Ex-
perimental points from [5]. Curves calculated from the quasichemical
model for various ratios (xBW/xQM) with Z = 2, and for various values
of Z with xBW = 0.



Figs. 10, 11 are clear. In Fig. 9 are shown curves calculated
with Z = 2 for the Al – Sc system (cf. Fig. 2) for different
ratios (xBW/xQM). With (xBW/xQM) = 2.5 (xBW =
– 85 260 J mol–1 and xQM = –34 104 J mol – 1) a very good
fit to all the experimental points is obtained. The corre-
sponding calculated entropy curve is shown in Fig. 4. It
can be seen that the evaluated enthalpy and entropy curves
are simultaneously reproduced by only two constant enthal-
py coefficients xQM and xBW. No entropy parameters are
required.

2.7. The quasichemical model with Z > 2

Another strategy for making the calculated DH function
less sharply V-shaped is to choose values of Z > 2 while re-
taining Eq. (15) for DH. As Z is made larger, the number of
bonds per mole of solution increases, the entropy thereby
becomes more important relative to the enthalpy (through
the factor (Z=2) in Eq. (16), and the degree of SRO for a
given values of xQM decreases. Figures 12 and 13 show
curves of DH and DSconfig calculated with different values
of Z, with xQM chosen in each case to give the same value

of DH at its minimum. The curves for DH in Fig. 12 are
very similar to those in Fig. 10. However, the entropy func-
tions in Fig. 13 differ from those in Fig. 11. As Z is in-
creased above 2.0, the entropy at first decreases, and can
even become negative, before eventually increasing for
large values of Z. Clearly, a negative configurational entro-
py of mixing is physically incorrect, and arises from the
aforementioned fact that Eq. (16) is exact only when Z = 2.

In Fig. 9 are shown DH curves calculated for the Al – Sc
system with Z = 6 and Z = 12 with constant values of
xQM. These are almost identical to the curves calculated
with Z = 2 and (xBW/xQM) = 1.0 and 2.5 respectively. The
calculated entropy of mixing corresponding to the case with
Z = 12 is shown in Fig. 4. It can be seen that the DH and DS
functions are simultaneously well represented with Z = 12
with one constant parameter xQM = – 17 573 J mol – 1.

2.8. Short-range ordering and positive deviations from
ideal mixing

It is well known (and illustrated in nearly every textbook on
solution thermodynamics) that an ideal entropy expression
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Fig. 10. Enthalpy of mixing for a solution A –B at 1000 8C calculated
from the quasichemical model with the constant parameters xBW and
xQM in the ratios shown.

Fig. 11. Configurational entropy of mixing for a solution A –B at
1000 8C calculated from the quasichemical model with the constant
parameters xBW and xQM in the ratios shown.

Fig. 12. Enthalpy of mixing for a solution A –B at 1000 8C calculated
from the quasichemical model with various constant parameters xQM
for different values of Z.

Fig. 13. Configurational entropy mixing for a solution A –B at
1000 8C calculated from the quasichemical model with various con-
stant parameters xQM for different values of Z.



as in Eq. (1), combined with a regular enthalpy term as in
Eq. (2) with xBW > 0, results in a Gibbs energy function at
lower temperatures with two minima. The resultant calcu-
lated phase diagram thus exhibits a miscibility gap as the
solution separates into A-rich and B-rich phases in order to
decrease the number of energetically unfavorable (A– B)
nearest-neighbor pairs.

In Fig. 14 are shown experimental points along the
boundary of the liquid–liquid miscibility gap in the Ga –
Pb system. Also shown are two miscibility gaps calculated
with the BW model with two-term (sub-regular) expres-
sions for xBW. In one case the parameters were chosen to
reproduce the measured critical temperature and composi-
tion, and in the other case to reproduce approximately the
reported monotectic temperature and compositions. In both
cases it can be seen that the measured miscibility gap is sig-
nificantly flatter than the calculated. This is generally the
case in most systems for which data are available. In the
BW model the calculated gap can only be made flatter by
including additional empirical terms in the expansion
Eq. (3) for xBW or by including empirical excess entropy
terms.

Within the quasichemical model, the flattening of the gap
can be attributed to SRO, that is to the formation of A- and
B-clusters. When xQM > 0, reaction (11) is displaced to
the left, with an increase in the number of (A –A) and
(B – B) pairs at equilibrium. Calculations with Z = 2 yield
the interesting result shown in Fig. 15 where the calculated
Gibbs energy of mixing is plotted for various positive val-
ues of xQM. When xQM = 0, DH = 0 and DSconfig is ideal.
As xQM increases, XAB decreases because of clustering.
From Eq. (15) DH is equal to the product of xQM and XAB.
As xQM increases, DH at first increases because of the
xQM factor, but eventually DH decreases again as XAB be-
comes very small. At the same time, DSconfig becomes in-
creasingly smaller as xQM increases. As xQM becomes very
large, DH, DSconfig and DG all approach zero at all composi-
tions. As can be seen in Fig. 15, the DG curves become pro-
gressively flatter, but never exhibit two minima, no matter
how large xQM becomes. That is, when Z = 2 the quasi-
chemical model predicts positive deviations from ideality,
but does not predict separation into two phases. A simple
eutectic phase diagram calculated with this model will ex-

hibit very flat liquidus curves, indicative of positive devia-
tions, but will not exhibit a miscibility gap. This results be-
cause Eq. (15) assumes that the enthalpy of mixing is due
only to changes in nearest-neighbor interactions upon mix-
ing. The system can thus decrease the number of energeti-
cally unfavorable (A – B) pairs through clustering. No addi-
tional advantage would be realized by separating into two
phases.

Flat miscibility gaps as in Fig. 14 can nevertheless be
reproduced with a combined model, as discussed in Sec-
tion 2.6., with Z = 2 and with an enthalpy expression as in
Eq. (22) which contains a term for nearest-neighbor interac-
tions and a term for the remaining lattice interactions. With
two-term expansions for xQM and xBW, and with (xBW/
xQM) = 1/7, the measured gap in the Ga – Pb system is re-
produced quite closely as can be seen in Fig. 14. The corre-
sponding calculated curve for DH compares well with the
experimental data of various authors as shown in Fig. 16.
Note that no empirical non-configurational entropy param-
eters were used.
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Fig. 14. Ga–Pb phase diagram showing miscibility gap. Experimental
points from [14]. Curves calculated from the quasichemical model and
the BW model for various sets of parameters as shown (kJ mol – 1).

Fig. 15. Gibbs energy of mixing for a solution A –B at 1000 8C calcu-
lated from the quasichemical model with Z = 2 with positive values of
xQM.

Fig. 16. Enthalpy of mixing curves calculated at 700 8C for the two
quasichemical model equations shown (cf. Fig. 14) compared with ex-
perimental points [15–17].



3. Short-range ordering in ternary liquids –
Predictions using only binary parameters

3.1. Characteristic shape of ternary liquidus surface

The choice of a model must be based not only on how well
it reproduces data in binary systems, but also on how well
it predicts and represents properties of ternary solutions.

Consider a ternary solution with components A, B and C
in which the binary solution A – B exhibits a strong ten-
dency to SRO at the AxBy composition, while the B – C
and C– A binary solutions are less strongly ordered. In such
a case, positive deviations from ideal mixing behavior will
be observed, centered along the AxBy – C join. An example
is the Al – Sc – Mg system in which Al – Sc liquid solutions
exhibit SRO centered around the AlSc composition. (See
Figs. 2 – 4.) A calculated [18] liquidus surface of this sys-
tem is shown in Fig. 17. Positive deviations along and near
the AlSc –Mg join are manifested by the flat liquidus sur-
faces (witnessed by the widely spaced isotherms) of the

AlSc, AlSc2 and Al2Sc compounds. Experimental liquidus
points [19] along the Al2Sc –Mg join are shown in Fig. 18.

Indeed, if the SRO in the A – B binary solution is suffi-
ciently stronger than in the B – C and C –A binary solution,
a miscibility gap will be observed, centered along the
AxBy –C join. The positive deviations (tendency to immis-
cibility) along the join are simply explained. Since (A – B)
nearest-neighbor pairs are energetically favored, the solu-
tion exhibits a tendency to separate into an AB-rich and a
C-rich solution in order to maximize the number of such
pairs.

Consider the simplest case of a solution A – B – C in
which the B– C and C – A binary solutions are ideal while
the A –B binary solution has strong SRO centered at the
equimolar composition AB with a minimum value of
DHA%B = – 40 kJ mol – 1 in the binary solution at XA =
XB = 0.5.

3.2. Bragg-Williams model

If the BW model is used for this example, then xBWðA%BÞ =
– 160 kJ mol – 1 while xBWðB%CÞ = xBWðC%AÞ = 0. In the
ternary solution, following the usual practice, we set

DH ¼ XAXBxBWðA%BÞ þ XBXCxBWðB%CÞ þ XCXAxBWðC%AÞ
(23)

combined with an ideal entropy of mixing as in Eq. (1). The
resultant calculated miscibility gap, centered on the AB – C
join, with tie-lines aligned with the join, is shown (as the
“Bragg –Williams limit”) in Fig. 19.

It is interesting to calculate the expression for the enthal-
py of mixing along the join when XC moles of liquid C are
mixed with 1% XCð Þ moles of the equimolar solution
A0.5B0.5. In the present example, this is given as:

DHA0:5B0:5%C ¼ XAXBxBWðA%BÞ

% 1% XCð Þ ðXAXB tðXA þ XB= Þ2Þ xBWðA%BÞ

¼ XC 1% XCð Þ ð%xBWðA%BÞ 4= Þ ð24Þ
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Fig. 17. Optimized polythermal liquidus projection of Al –Sc –Mg
system [18].

Fig. 18. Al2Sc–Mg join in the Al –Mg– Sc phase diagram. Experi-
mental liquidus points [19] compared to calculations from optimized
binary parameters with various models [18].

Fig. 19. Miscibility gaps calculated for an A –B–C system at 1100 8C
from the quasichemical model when the B–C and C –A binary solu-
tions are ideal and the A–B binary solution has a minimum enthalpy
of –40 kJ mol – 1 at the equimolar composition. Calculations for var-
ious ratios (xBW/xQM) for the A –B solution with Z = 2. Tie-lines are
aligned with the AB–C join.



where the substitution XA = XB = (1– XCÞ=2, which holds
along the AB – C join, has been made. That is, along the join
the solution behaves like a regular solution of A0.5B0.5 and
C, with a (BW) regular solution parameter equal to
ð%xBWðA%BÞ 4= Þ.

Our experience with many systems has shown that, in
general, the positive deviations (and tendency to immisci-
bility) along the join as predicted by the BW model are too
large. For example, in Fig. 18 is shown the Al2Sc – Mg
phase diagram section calculated from optimized binary
parameters [18] when the BW model is used. The model
predicts a miscibility gap where none is actually observed.
The reason for this overestimation of the positive deviations
is that SRO is ignored. In reality, by ordering, the solution
can increase the number of (A –B) pairs above that of a ran-
domly mixed solution, thereby decreasing its Gibbs energy
and decreasing the driving force to separate into two
phases.

3.3. Associate model

One might therefore conclude that accounting for SRO
through the use of the associate model would improve the
predictions in the ternary system. Exactly the opposite is
true; if the SRO in the A – B binary solution is modeled with
the associate model, no positive deviations whatsoever are
predicted along the AxBy – C ternary join.

In fact, in the limit of very strong SRO in the A – B binary
solution and ideal mixing in the B – C and C – A liquids, the
associate model simply predicts that, along the AxBy –C
join, the solution is an ideal mixture of AxBy associates
and C atoms randomly distributed on the quasilattice. For
example, in Fig. 18 is shown the Al2Sc – Mg phase diagram
section calculated [18] from optimized binary parameters
when the associate model is used.

This failure of the associate model to predict the ob-
served positive deviations and tendency to immiscibility in
ternary systems with SRO is the strongest argument against
its use.

3.4. Quasichemical model

When the quasichemical model is applied to the example
introduced at the end of Section 3.1., the parameter
xQMðA%BÞ 5 0 and xQMðB%CÞ = xQMðC%AÞ = 0.

The enthalpy in the ternary solution is now given as:

DH ¼ XABxQMðA%BÞþ XBCxQMðB%CÞþ XCAxQMðC%AÞ ð25Þ
while the configurational entropy is:

DSconfig ¼ %R XA ln XA þ XB ln XB þ XC ln XCð Þ

%RðZ 2= Þ %ðXAA X2
AÞþ XBB lnðXBB X2

BÞ
--

þXCC lnðXCC X2
CÞþ XAB lnðXAB 2XAXB= Þ-

þXBC lnðXBC 2XBXCÞþ XCA lnðXCA 2XCXAÞ
&--

(26)

Minimizing the Gibbs energy at constant composition
yields an equilibrium constant for the formation of (A– B)
pairs as in Eq. (17) as well as two similar equilibrium con-

stants for the formation of (B – C) and (C –A) pairs. For de-
tails see [11, 13].

As might be expected from the discussion in Section 2.8.,
when Z = 2 positive deviations are calculated along the
AB – C join, but no calculated miscibility gap appears, even
for extremely negative values of xQMðA%BÞ. However, if a
BW enthalpy term XAXBxBWðA%BÞ as in Eq. (22) is also in-
cluded for the A –B solution, then a miscibility gap is calcu-
lated. In Fig. 19 are shown miscibility gaps calculated with
Z = 2 for various ratios (xBWðA%BÞ=xQMðA%BÞ) where the
values of xBWðA%BÞ and xQMðA%BÞ were adjusted in each
case to give the same minimum value of DHA%B =
– 40 kJ mol – 1 in the A –B system. As the ratio (xBWðA%BÞ=
xQMðA%BÞ) is decreased, the critical temperature of the calcu-
lated gap decreases and the gap changes shape, becoming
narrower and elongated along the AB –C join in accordance
with the shape of observed gaps. At the same time the calcu-
lated gap becomes flatter (less rounded) as shown in Fig. 20.
This is similar to the case of binary miscibility gaps as dis-
cussed in Section 2.8.
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Fig. 20. Miscibility gaps calculated along the AB–C join of the
A –B–C system from the quasichemical model with the same param-
eters as for Fig. 19.

Fig. 21. Miscibility gaps calculated for an A –B–C system at 1100 8C
from the quasichemical model when the B–C and C –A binary solu-
tions are ideal and the A–B binary solution has a minimum enthalpy
of –40 kJ mol – 1 at the equimolar composition. Calculations for var-
ious values of Z. Tie-lines are aligned with the AB–C join.



Very similar results are obtained if the quasichemical
model is used with no additional BW enthalpy term but
with values of Z > 2 as illustrated in Fig. 21 (where again
xQMðA%BÞhas been adjusted to give the same minimum val-
ue of DHA%B = –40 kJ mol – 1 in the A – B system in every
case.

Figure 18 shows the Al2Sc –Mg phase diagram section
calculated [18] solely from optimized binary parameters
when the quasichemical model with Z = 6 was used.

Similar examples for oxide slags have been shown and
discussed previously [20].

3.5. Ternary predictions when binary deviations are
positive

Finally, we consider the case of a system A –B – C in which
the binary solutions B– C and C – A are ideal, and the A – B
solution is modeled with the quasichemical model using
Eq. (22) for DHA%B. Positive parameters xBWðA%BÞ and
xQMðA%BÞ were chosen to give a binary A – B miscibility
gap at 1000 8C of the same width for various ratios
(xBWðA%BÞ=xQMðA%BÞ). It can be seen in Fig. 22 that the
use of a purely BW model (xQMðA%BÞ= 0) results in the larg-
est extension of the binary gap into the ternary system.

Very similar results are obtained if xBW is set to zero and
different values of Z are used. The gap extends further into
the ternary system as Z is increased, attaining the BW limit
when Z = ?.

4. Discussion

As shown in Section 2.4., the advantage of using a one-di-
mensional (Z = 2) entropy expression with the quasichem-
ical model is that the expression is exact. In Section 2.5., it
was shown how the composition of maximum SRO can be
displaced from the equimolar composition by choosing
ZA 6¼ ZB; clearly this is not possible in a strictly one-dimen-
sional model where, necessarily, ZA = ZB = 2. However, it
is possible to displace the composition of maximum SRO

by setting ZA 6¼ ZB while still retaining the most important
aspect of the one-dimensional model, namely that DSconfig

never becomes negative, as follows. As discussed in Sec-
tion 2.5, the composition of maximum SRO is given by the
ratio ZA ZA þ ZBð Þ= :

Xmax
B ¼ ZA ZA þ ZBð Þ= ð27Þ

We thus determine the values of ZA and ZB which give
DSconfig = 0 at the desired composition Xmax

B when
xQM = –?. The result can be easily shown [10] to be:

ZB ¼ % ln Xmax
B þ 1% Xmax

B

% &
=Xmax

B

% &
ln 1% Xmax

B

% &% &
ln 2=

(28)

ZA ¼ ZBXmax
B 1% Xmax

B

% &- ð29Þ
For example, in Fig. 1 where the composition of maximum
SRO is Xmax

Ca = 1/3, Eqs. (28, 29) yield: ZAl = 1.3774,
ZCa = 2.7549.

In the present article, only very simple examples and hy-
pothetical systems have been selected in order to illustrate
the concepts clearly. However, all the models discussed
here have been fully developed for multicomponent sys-
tems, with all parameters expressed as general polynomial
expansion, with the inclusion of ternary parameters, etc.
[12, 13, 21].

Furthermore, the concepts have been discussed for sys-
tems with two sublattices (such as molten ionic salts) [20],
and the two-sublattice quasichemical model has also been
fully developed [22] for multicomponent systems, taking
account of first- and second-nearest-neighbor SRO simulta-
neously, as well as variations of Z with composition which
can occur in liquid solutions.

5. Conclusions

Binary solutions with SRO exhibit characteristic
“V-shaped” enthalpy of mixing and “m-shaped” entropy
of mixing functions. The BW random-mixing model is not
well-suited to represent such functions; furthermore, in the
BW model the enthalpy and excess entropy functions are
not coupled and are represented by two independent sets
of model parameters. The associate model and the quasi-
chemical model both explicitly account for SRO, and are
better able to represent the characteristic shape of the en-
thalpy and entropy functions. As well as being physically
unreasonable, the associate model has the disadvantages of
not reducing to an ideal solution model in the limit, and of
giving incorrect partial entropies in the limiting dilute com-
position regions when associates other that equimolar AB
associates are chosen.

The most critical weakness of the BW and associate
models is their failure to adequately predict the properties
of ternary solutions from optimized binary model param-
eters when SRO is present.

When using the quasichemical model, one may choose a
one-dimensional entropy expression (with coordination
number Z = 2) which is mathematically exact. In this case,
the expression for DH should preferably contain both a
quasichemical term XAB 2= ÞxQMð to account for nearest-
neighbor interactions and SRO, and a BW term XAXBxBW
to account for the remaining lattice interactions. As the ra-
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Fig. 22. Miscibility gaps calculated for an A –B–C system at 1000 8C
from the quasichemical model when the B–C and C –A binary solu-
tions are ideal and the A –B solution exhibits a binary miscibility gap.
Calculations for various ratios (xBWðA%BÞ/xQMðA%BÞ) with positive
parameters xBWðA%BÞand xQMðA%BÞ chosen in each case to give the
same width of the gap in the A –B binary system. (Tie-lines are aligned
with the A –B edge of the composition triangle.)



tio ðxBW=xQMÞ is increased, the negative peaks in the cal-
culated DH and DSconfig functions become less sharp. The
ratio ðxBW=xQMÞ can be chosen empirically, in the course
of optimization, for each binary system or for a group of
systems. Alternatively, a similar result can be obtained
using only quasichemical enthalpy terms, but choosing co-
ordination numbers Z > 2. As Z is increased, the calculated
minima in DH and DSconfig become progressively less
sharp. The disadvantage however is that the entropy expres-
sion is only approximate when Z = 2. The value of Z can
be chosen empirically for each system or for a group of sys-
tems. For example, we have found that most binary liquid
metallic solutions are well represented, and the properties
of the corresponding ternary liquids are generally well pre-
dicted, when Z = 6.

Binary miscibility gaps calculated with the BW model
are generally too rounded with critical temperatures which
are too high. The quasichemical model can reproduce the
observed flattened shape of miscibility gaps, attributing
the flattening to SRO (clustering).

These concepts have been extended to two-sublattice
models (for molten ionic salts for example) [20, 22]. All
models discussed in this article have been extended to mul-
ticomponent systems, with binary and ternary parameters as
general polynomial expansions, for both the one- and two-
sublattice cases. The general models have been fully pro-
grammed, with access to databases of the model param-
eters, and incorporated into the FactSage [1] system by
Gunnar Eriksson.

This work would not have been possible without the thermodynamic
programming skills of Gunnar Eriksson. Financial assistance from
General Motors of Canada and the Natural Sciences and Engineering
Research Council of Canada through a CRD grant is gratefully ac-
knowledged.

Appendix

It will be shown that the quasichemical entropy expression
of Eq. (16) is exact for a one-dimensional lattice. This is es-
sentially the “one-dimensional Ising model” [23]. Consider
a one-dimensional “necklace” of NA particles of type “A”
and NB particles of type “B” with NAA, NBB and NAB being
the numbers of A – A, B – B and A –B pairs. In order to ob-
tain an expression for the entropy, we first place the NA
particles of type “A” in a ring and choose at random
(NA – NAA) of the NA spaces between them. This choice
can be made in X1 ¼ NA! NAA! NAðð= –NAAÞ!Þ ways. We
now place one particle of type “B” in each of these chosen
spaces. This leaves NB – (NA – NAA) ¼ NBB particles of type
“B”. These are all placed into the (NA – NAA) chosen spaces
with no restriction on the number in each space. This can
be done in X2 ¼ NB! NBB! NBðð= – NBBÞ!Þ ways since
(NA – NAA) ¼ (NB – NBB). The entropy is then given by:

DSconfig ¼ k lnX1X2 ð30Þ
where k is Boltzmann’s constant. Solving via Stirling’s ap-
proximation for one mole of particles gives an expression
for DS identical to that of Eq. (16) with Z = 2.
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